Introduction
The aim of this contribution is to analyze, discretize and solve a mathematical model describing 3D contact problems for an elastic body unilaterally supported by a rigid foundation taking into account the influence of friction on contacting parts. We shall consider the so-called Tresca model of friction in which the threshold slip is a priori given (see [1] ). In the classical Tresca model the threshold slip is expressed as the product Fg, where g is a non-negative function and F is a coefficient of friction which does not depend on the solution. In some problems however F can be of the form F := F( u t ), i.e. the coefficient of friction depends on the magnitude of the tangential contact displacement. The contribution deals just with this case. The same 2D problem has been already studied in [3] . Its extension to the 3D-case however is not straightforward, in particular as far as the numerical treatment is concerned. Indeed, the Lagrange multipliers regularizing the frictional term are now subject to quadratic constraints so that the resulting minimization problem involves quadratic constraints, as well. For a detailed study of this issue we refer to [2] .
Mathematical model
Let us consider an elastic body occupying a bounded domain Ω ⊂ R 3 with the Lipschitz boundary ∂Ω which is split into three open, non-empty, non-overlapping parts Γ u , Γ p and Γ c such that
The body is unilaterally supported by a rigid foundation S along Γ c . For the sake of simplicity we suppose that S is a half-space and there is no gap between S and Ω for the undeformed configuration. Besides unilateral constraints imposed on the deformation of Ω on Γ c , we shall take into account effects of friction represented by the model with given friction in which a given slip bound g is multiplied by a coefficient of friction F which depends on the norm of the tangential component of the displacement vector on Γ c . Finally, the body is subject to volume forces of density
Our aim is to find an equilibrium state of Ω.
The classical formulation of the previous problem consists in finding a displacement vector u = (u 1 , u 2 , u 3 ) ⊤ which satisfies the equilibrium equations and the boundary conditions (1)-(5) 1 : (equilibrium equations) (kinematical boundary conditions)
(static boundary conditions)
(unilateral conditions)
(friction conditions)
The symbol τ (u) = (τ ij (u)) 3 i,j=1 stands for a symmetric stress tensor which is related to a linearized strain tensor ε(u) = (ε ij (u)) 3 i,j=1 by means of linear Hooke's law:
where
and c ijkl ∈ L ∞ (Ω), i, j, k, l = 1, 2, 3, are linear elasticity coefficients. They satisfy the following symmetry and ellipticity conditions:
∃ c ell > 0 : c ijkl (x)ξ ij ξ kl ≥ c ell ξ ij ξ ij for a.a. x ∈ Ω and all ξ ij = ξ ji ∈ R 1 .
Further, u n = u ⊤ n, u t = u−u n n stand for the normal, tangential component of a displacement vector u on Γ c , respectively, and T (u) = (T 1 (u), T 2 (u), T 3 (u)) ⊤ is a stress vector whose components are T i (u) = τ ij (u)n j , i = 1, 2, 3. The symbols T n (u) = (T (u)) ⊤ n, T t (u) = T (u)−T n (u)n denote the normal, tangential component of a stress vector T (u) on Γ c , respectively. Finally, F is a continuous, positive, bounded function in R 1 + which defines the coefficient of friction depending on the magnitude u t on Γ c and g ∈ L 2 (Γ c ), g ≥ 0, is a given slip bound.
The weak formulation of this problem leads to an implicit variational inequality of elliptic type. To overcome difficulties related to this problem we characterize its solutions equivalently as fixed points of a mapping acting on the trace space defined on the contact part. Using this reformulation one can obtain the existence of at least one weak solution to the problem. Moreover, the solution is unique provided that the coefficient of friction is Lipschitz continuous with a sufficiently small modulus of the Lipschitz continuity.
Further, we deal with a finite element discretization of the problem. Displacements are approximated by piecewise linear functions and the discrete solution is introduced via the fixed-point formulation again. In a similar way as in the continuous case one obtains the existence as well as uniqueness results. In addition, convergence of the discrete solutions is proven.
The method of successive approximations is proposed for finding fixed points. Each step of this method is defined by a contact problem with given friction in which the coefficient of friction does not depend on the solution. Since this is a crucial step in our computations, an analysis of this problem is done. We introduce its mixed variational formulation in terms of displacements and contact stresses. This formulation is then discretized: the displacements are approximated by piecewise linear functions again, the contact stresses by piecewise constant functions. Next, the dual formulation in terms of the contact stresses is established. Finally, results of several numerical experiments will be shown.
